Absence of solitons with sufficient algebraic localization for the 
Novikov-Veselov equation at nonzero energy 

A.V. Kazeykina0 

Abstract. We show that the Novikov-Veselov equation (an analog of KdV in dimension 
2+1) at positive and negative energies does not have solitons with the space localization stronger 
than 0(|x|~ 3 ) as Ixl — > oo. 



1 Introduction 

In this paper we are concerned with the Novikov-Veselov equation 

d tV = 4Re(4df?; + d z (vw) - Ed z w), (1.1a) 
3- z w = -3d z v, v = v, fi£K, (1.1b) 
v = v(x,t), w = w(x,t), x = (xi, X2) € K 2 , t £ R, (1-1°) 

where the following notations are used 

d ^ I f d 9\ n 1/9 d \ 
dt = di> dz= 2[dx- 1 - t dx- 2 )^ * = 2\W x +t W 2 )' (L2) 

Equation (jl.ip is mathematically the most natural (2 + l)-dimensional analog of the clas- 
sic Korteweg-de Vries equation. When v = v(x±,t), w = w(x±,t), equation (jl.lj) reduces to 
KdV. Besides, equation (jl.ip is integrable via the scattering transform for the 2-dimensional 
Schrodinger equation 

Lip = Eip, E = E fixed , 
L = -A + v(x,t), A = Ad z d z , xeM 2 . 

Note also that tending E — > ±00 in (jl.ip yields another renowned (2 + l)-dimensional analog of 
KdV, Kadomtsev-Petviashvili equation (KP-I and KP-II, respectively). 

Equation (jl.ip is contained implicitly in [M] as an equation possessing the following repre- 
sentation 

d{L ~ t E) =[L-E,A] + B{L - E), (1.4) 

where L is the operator of the corresponding scattering problem, A, B are some appropriate dif- 
ferential operators and [•, •] denotes the commutator. For the particular case of the 2-dimensional 
Schrodinger operator as in (jl.3p the following explicit form of A and B 

A = -8<9f - 2wd z - 8<9f - 2wd s , . rr-m, r, ^ 

B = 2d- z w + 2d- z w, Where W 18 defined Via ™ ' (L5) 

and the corresponding evolution equation (jl.ip were given in |NVlj , |NV2j , where equation (jl.ip 
was also studied in the periodic setting. 

Solitons and the large time asymptotic behavior of sufficiently localized in space solutions 
for the Novikov-Veselov equation were studied in the series of works |GN1| IGlj INov2j IKlj IKNll 
IKN2j IKN3j . In |KNlj IKlj it was shown that in the regular case, i.e. when the scattering data 
are nonsingular at fixed nonzero energy (and for the reflectionless case at positive energy), then 
these solutions do not contain isolated solitons in the large time asymptotics. In the general 
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case it was shown in |Nov2j . |KN3j that the Novikov-Veselov equation at nonzero energy does 
not admit exponentially localized solitons. A family of algebraically localized solitons for the 
Novikov-Veselov equation at positive energy was constructed in |G1] (see also discussion in 



when \x\ —> oo. By contrast, KP-II does not possess localized soliton solutions. For the results 
on existence and nonexistence of localized soliton solutions of KP-I, KP-II and their generalized 
versions sec [BSlJ; the symmetry properties and the decay rates of these solutions were derived 
in |BS2j . For more results on integrable (2 + l)-dimensional systems admitting localized soliton 
solutions, see |AC] . [BLMP2] . |FA| . |FSj and references therein. 

In this paper we are concerned with regular, sufficiently localized solutions of (jl.ip satisfying 
the following conditions 



main result of this paper consists in the following theorem. 

Theorem 1.1. Let (v,w) be a soliton solution of with E / satisfying properties $1.6]) - 
fOl) . Then v = 0, w = 0. 

To prove this result we consider, in particular, special eigenfunctions of the 2-dimensional 
Schrodinger operator going back to |Flj . [BLMPl] and we base our reasoning on the ideas 
proposed in |Nov2j . 

Note that Theorem 11.11 for the case of zero energy was proved in |K2] for the potentials of 
conductivity type. 

In Section [2] we recall, in particular, some known notions and results from the direct and 
inverse scattering theory for the two-dimensional Schrodinger equation at nonzero energy (see 
|Novlj . |G2j and references therein). In addition, we introduce nonzero energy analogs of some 
"scattering data" going back to [BLMPl] . The main result (namely, Theorem ll.ip is proved in 
Section [3j Section H] contains the proofs of some preliminary lemmas. 

This work was fulfilled in the framework of research carried out under the supervision of 
R.G. Novikov. 

2 Scattering data and inverse scattering equations 

Consider the Schrodinger equation on the plane 




• v,w € C(R 2 x R), v(-,t) e C 4 (R 2 ) Vt 6 R; 



(1.6) 




We say that a solution of (|1.1|) is a soliton if v(x, t) = V(x — ct) for some c 



(ci,c 2 ) G R 2 . The 



L^ = E*P, E = E flxed eR\0, 
L = -A + v, A = 4d z dz, v = v(x). 



x e R 2 



(2.1) 



with a potential v satisfying the following conditions 



v(x)=v(x), v(x) € L°°(R 2 ), 

\ei\diiv(x)\<q(i+\x\r 3 - s i 



for some q > 0, e > 0, where ji,j2 6 N U 0, j\ + j'2 ^ 3. 



(2.2) 
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For equation (|2,ip with E > we consider its classical scattering eigenfunctions ip + (x,k), 
denned for £ R 2 , k 2 = E and specified by 

4, + (x,k)=e* kx -i7rV2^e-^f(k,\k\— J + I J , |x| ^ oo, (2.3) 

with some a priori unknown function /. The function / is called the scattering amplitude of the 
potential v. If f(k, I) = for fc, / G M 2 , k 2 = I 2 = E, then the corresponding potential is called 
transparent (or reflectionless) at fixed energy E > 0. In this paper we will only be concerned 
with transparent potentials since it was shown in |Nov2] that the solitons of the Novikov-Veselov 
equation at positive energy are transparent potentials (see also Lemma l3.4p . 

In addition, for equation ()2.ip with E G M\0 we consider its Faddeev eigenfunctions ip(x, k), 
defined for I; 6 Eg, where 

T, E = {k G C 2 : k 2 = E, Imk / 0}, if E > 0, 
S E = {k G C 2 : k 2 = E}, if E < 0, 



and specified by 

^(s,fc) = e ifcx (l + o(l)), |x|^oo (2.4) 

(see[FT], ^1], [S2). 

Finally, for equation (|2.ip with E 1 G M\0 we will also consider its eigenfunctions ip(x,k), 
defined for k £Eg and specified by 

ip(x, k) = e lkx (fax 2 - k 2 xi + o(l)), \x\ ->■ oo. (2.5) 

These functions are the analogs of solutions introduced in [BLMPl] for the case of zero energy. 

Further it will be convenient to assume without loss of generality that E = ±1 (the general 
case is reduced to this one by a scaling transform) and to introduce the following new variables: 

fa+ik 2 

Z = X\ + 1X2, A = - 



. E 

Note that fa = (A + \), k 2 = ^ Q - A). 

In the new variables z G C, A G C\0 functions ip and ip are solutions of (|2.ip with the 
following asymptotic behavior 

^(s, A) = e^ 1(Af+ ^ /A V(z,A), fi(z, A) = 1 + o(l), as \z\ -> oo, (2.6) 

^(z, A) = e^ 1 ( Ag+ ^ A ) l /(z, A), A) = ^ f Az - ^ + o(l), as \z\ -> oo. (2.7) 

Functions fj>(z,X) and i/(z,A) arising in the above formulas can also be defined as solutions of 
the following integral equations 

H(z, X) = 1 + J J g{z — C, AMCMC, A)dReCdImC, (2.8) 

c 

!/(^ ; A) = (^Xz - jz^j + J J g(z-(, X)v(()v((, X)dRe(dIm(, where (2.9) 

c 

/ 1 \ 2 f f e %(pz+P z ) 

a » = - (s) // P p + ^ ( Ap + p/A) dRep<i ' m; '' <2 io) 
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where z G C, A G C\0 and, if E > 0, then |A| / 1. 

In terms of m(z, A) = (1 + |z|)~( 2+e / 2 )/i(,z, A) and n(z, A) = (1 + \z\)~( 2+£ l 2 ^ v(z, k) equations 
(|2.8p and (|2.9p . respectively, take the forms 

m(z,X) = (l + |z|)-( 2+£ / 2 ) + 

+ ff{l + \z\)^ 2+ ^g(z - C, A) - ^ ( g (2+e/2) m(C, A)dReCrfImC, (2.11) 



1 lx _( 2+e /2)_ 



n(*, A) = — ^— (Az — — z ) (1 + |z|)-^ £ /^ + 



+ H(l + \z\yV+^g(z - C, A) - |c ^ ( ) (2+£/2) n(C, A)dReCrfImC. (2.12) 



c 



The integral operator A(A) of the integral equations (|2.1ip . (j2. 12[) is a Hilbert-Schmidt operator: 
more precisely, A(-,-,X) G L 2 (C x C), where A(z, £, A) is the Schwartz kernel of the integral 
operator -A(A), and |Tr^4 2 (A) | < oo. Thus, the modified Fredholm determinant A(A) for f)2 . 1 1 fl 
and (|2.12p can be defined by means of the formula: 

In A (A) = Tr(ln(7 - A(X)) + A(\)). (2.13) 

For the precise sense of this definition see |GKj . Considerations of A go back to |F2j . 
We will also define 

£ = {Xe E: A(A) = 0}, 

where 

E = C\(0UT) if£>0 and E = C\0 if E < 0, T = {X G C : | A| = 1}. 

In this notation £ represents the set of A for which either the existence or the uniqueness of 
the solution of (|2.ip with asymptotics (|2.6p (or, similarly, of the solution of (|2.ip with asymptotics 
(|277j> ) fails. 

For A G C\(£ U 0) we define the following "scattering data" for the potential v: 

a(X) = jj v(()ii((,X)dRe(dLm(, (2.14) 

c 

6(A) = J J exp ( ^ (l + (smE)-L^j ((sgni?)CA + AC) J «(CMC, A)dReCdImC, (2.15) 

c ^ ' 

a(A) = ^ w(CMC> A)dReC«flmC, (2.16) 

c 

/3(A) = ^ exp I ^ (l + (sgn£)i) ((sgn£)CA + AC) J w(CMC, A)dReCdImC. (2.17) 

Functions a, 6 are the Faddeev generalized scattering data for the 2-dimensional Schrodinger 
equation. They also arise in a more precise version of expansion ()2.4p . The "scattering data" 
a, f3 for the case of the Schrodinger equation at zero energy were introduced in [BLMPl] , 

Now we formulate some properties of the introduced functions that will play a substantial 
role in the proof of the main result. 
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Statement 2.1 (see [F2l lHI ^lNwT|lKN3] ). Let v satisfy conditions $J$). Then function A(A) 
satisfies the following properties: 

1. A G C{D+), A G C(5_), w/iere 5+ = D + U D + = {A G C: |A| < 1}, D_ = 
D- U 8D-, D_ = {A G C: |A| > 1}; 

if E < or if E > and v is transparent, then A G C(C); 

2. A(A) -> 1 as |A| -> oo, |A| -> 0; 
5. A is real-valued; 

4- A(A) satisfies the following d-equation 

OA sgn(AA-l) / / . A , A . . . 

'a -(sgnE) T -0(0) A, (2.18) 



dX 4vrA V V A. 

where v(0) = ffv{()dRe(dIm(, X G C\(TU^U0), T = {X G C: |A| = 1}; 

c 

5. A(A) = A(-(sgnE)±), A G C\0; 

6\ if E < or if E > and v is transparent, then A = const on T = {A G C: |A| = 1}. 

Note that A ^ C(C) for E 1 > 0, in general. In this case A on D± is considered as an extension 
from D±. 

If v satisfies assumptions (|2.2p . then functions a(A), 6(A), a(A), /3(A) are continuous on 
C\(£ U 0). Note also (see (HN]) that 

a(A) -»• t)(0) as A -> 0, A -»• oo. (2.19) 

If the scattering data a are well-defined on the unit circle T, then its behavior on T is described 
as follows: 

a = 0onTifi?>0 and v is transparent (see |GN2j ). 
a = b on T if £ < 0. 



If v satisfies assumptions (|2.2p and, in the case of positive energy, v is transparent, i.e. / = 
at fixed energy, then the function fi(z, A), defined by (|2.8p . satisfies the following properties (see 
|GN3| . |Nov2| . |G2j and references therein): 

fi(z, A) is a continuous function of A on C\(0 U £); (2.21) 

^^l=r(z,X)J^X}, (2.22a) 
r(z, A) = r(A) exp (-^ (l + ( s S n ^)^) ((sgn£)Az + Xz)^ , (2.22b) 

r(A) = ^^(A) (2.22c) 
for A G C\(0U£UT), where T = {X G C: |A| = 1}; 

H ->■ 1, as A -> oo, A -> 0. (2.23) 
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Inverse scattering equations (|2.22p together with conditions (j2.21|) and ()2.23[) determine 
uniquely function \x from nonsingular scattering data 6, i.e. when 8 = 0. Potential v (transpar- 
ent for the case of positive energy) can then be found from the following formula 

v{z) = 2iVE^^, (2.24) 
where fi-i(z) is defined via the following expansion 

^z,X) = l + ^^+o(-^\, asA^oo. (2.25) 
3 Proof of Theorem 11.11 

We will start this section by formulating some preliminary lemmas. The proofs of Lemmas 13. 2| 
13.31 are given in Section HI 

Lemma 3.1. Let v S C 4 (C) and 

\d£8i»v{z)\ < (1 + J )j+3+£ , ii,J 2 G{0UN},i=ii+i 2 <4 (3.1) 

for Vz £ C and some q > 0, e > 0. Let w be defined by 

dzW = —3d z v, 
w(z) — > as z — > oo. 

Then 

, \ 3-0(0) „ / 1 \ 
w(z) = — V + O t-^t , as z oo, (3.2 

7tZ Z \\ Z \ J 

d z w(z) = + O ( J~^) ' as z oo, (3.3) 

where v(0) = ff v(()dRe(dIm(. 

c 

The proof of representations (|3.2p . (|3.3p is easily derived from the Taylor formula for W{^) = 
w and — £ 2 W^(£) = d z w(z)\ z= i , correspondingly, in the neighborhood of £ = 0. 
Let us denote by 

5(A) = {a(A), 6(A), a(A), /3(A)}, AeC\(£U0), (3.4) 

the scattering data for a potential v, defined by (|2.14|) - (|2.17p in the framework of equation (|2.ip . 

Lemma 3.2. Let v(z) be a potential satisfying K2. 2\) with the scattering data S(X), A G C\(£ U0). 
Then the scattering data S r] (X) for the potential v v (z) = v(z — rf) are defined for A £ C\(£ U 0) 
and are related to S{\) by the following formulas 

a v (X) = a(A), (3.5) 
b v (X) = exp |^ + (sgn£)i) ((sgn£)A?7 + Xfj) J 6(A), (3.6) 

a„(A) = a(A) + ^ (at? - a(A), (3.7) 



/3„(A) = exp <( ^ (l + (sgn£)i) ((sgn^Ar? + At?) | f /3(A) + ^ ^ - ^ ) 6(A) 



i\[E(,_ 1 



(3- 
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Lemma 3.3. Let (v,w) satisfy equation and conditions U.6\) - [T7S\) . Let S(X,t) be the 

scattering data for v defined by {3.$ for a certain A G C\(£ U 0) and all t G R. Then the 
evolution of these scattering data is described as follows: 

a(X,t) = a(A,0), (3.9) 
6(A, t) = exp {i(VEf (A 3 + ^ + (sgnE) (V + ^3 ) ) *} K\ 0), (3.10) 

a(X, t) = a(A, 0) + 3i(VE) 3 ^A 3 - J (a(A, 0) - v{0))t, (3.11) 

(3(X, t) = exp {i(VEf (a 3 + ^ + (sgn£) (a 3 + ^ 1 1 ^(A, 0) + 3i(VE) 3 (V - b(X, 0)tj 

(3.12) 

Lemma 3.4 (see |Nov2j ). Let (v,w) satisfy equation for some E > and conditions \1.6}) - 
il.8\) . In addition, let v be a soliton, i.e. v(x,t) = V(x — ct) for some c = (ci,c 2 ) G M 2 . Then 
f(k,l) = 0, k, I G R 2 , k 2 = I 2 = E > 0, where f is the scattering amplitude for the potential v 
in the framework of the Schrodinger equation M.3\) . 

The concluding part of the proof of Theorem 11.11 consists in the following. First of all, if 
(v, w) is a soliton solution of equation (jl.ip for some E > 0, then v is transparent due to Lemma 



Further, since (v, w) is a soliton, from Lemma 13.21 it follows that the set £ of values of A G C 
for which the scattering data a(A), 6(A), a(A), /3(A) are not well-defined does not depend on t. 
Since (v, w) is a soliton, the time dynamics of its scattering data b is described by the formula 

b(X,t) = exp|^ ^A + (sgn£)i^) ct + ((sgn£)A + rf) J&(A,0), 

where notation c = c\ + ic2 is used (see formula (|3.6p of Lemma [3. 2p . Combining this with (|3.10p 
from Lemma 13.31 gives 



exp j^) 3 (A 3 + ^ + (sgn£) (V + T^)) &(A,0) 



= exp h^- (J^X + (sgnE)i^ ct + ((sgn£)A + ^ rf) | 6(A, 0). 

Since functions A, A, A 3 , A 3 , j, j, p-, p-, 1 are linearly independent in any open nonempty 
neighborhood of any point in C\0 and b(X, 0) is continuous on C\(£U0), we obtain that b(X, 0) 
on C\(£U0). 

Similarly, from (|3.7|) . (|3.11|) we get that 



a(A,0) + 



^ (^Xc - icj ta(X, 0) = a(A, 0) + 3i{VE) 3 (x 3 - ^\ t(a(X, 0) - -0(0)) 



or 

«<A, 0) = Wl^MM . (3.13, 

3i(VBP(^-^)-^S(Ac-ic) 

We will prove that expression (|3.13[) implies that v(0) = and thus a(A,0) = for A G 
C\(£U0). 
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Expression ()3.13j) is well-defined everywhere except for the points which are the roots of 
equation 

h^e? (a 3 -^)~ ( Ac ~ - r) = °- ( 3 - 14 ^ 

Evidently, equation (|3.14p has six roots Xj, j = 1, ... ,6, counted with multiplicity. Equation 
()3.14p was studied in detail in |KNlj (see Lemma 3.1 of |KN1] ). In particular, it was shown that 
for any value of parameter c 

equation (|3.14p has at least two roots on T = {A G C: |A| = 1}. (3.15) 

We will consider two subcases depending on whether A vanishes on T or not. Note that 
item [6] of Statement 12.11 implies that if A vanishes in one point of T, then it vanishes in every 
point of T. 

(i) A / on T 

In this subcase a(A, 0) and 6(A, 0) are well-defined on T. Thus 6(A, 0) = on T. From (|2.2UI) 
we obtain that a(A, 0) = on T. In view of representation (|3. 13|) and property (|3.15p this can 
only hold if v(0) = 0. 

(ii) A = on T 

Recall that due to item [3] of Statement 12.11 A G R and due to item [2] of Statement 12.11 
A(0) > 0. Consider 

l v = {re** r < r' 1 : A(re^) > 0, A(r'e^) = 0}, (3.16) 

where ip G (— tt,it] is some angle, such that ip ^ ArgAj, j = 1, . . . ,6, where Xj are the roots of 
equation (|3.14p . We will also denote by l v the closure of l v . 
Denote 

u(A) = ~ Sgn( ^~ 1} (a (-(8gaE)V\ -v(0)) , Ae^, (3.17) 

where a is given by (|3.13[) . Note that from item [5] of Statement 12.11 it follows that the scattering 
data a{— sgnE/X) are well-defined for A G Im. Using item [3] of Statement 12.11 we obtain that 

SlnA _ 51nA - 

dX = U ^ dX =u ( > , xel<p, 

and 

ainA 



(u(X) + u(X)) cos ip + i(u(X) — u(X)) sin (p, 7 G S , 7 = (cos (p, sin 99), (3.18) 

where denotes the directional derivative of In A along the direction 7. From (|3.13p it 

follows that u is bounded as A — > 0. Thus by integrating (|3.18p along l v we obtain that 



lnA(A) = U(X) + U(X), U(X) = / «(C)dC» A G l v , (3.19) 



or 



A(A) = $(A)$(A), where $(A) = exp 17(A), A G l v . (3.20) 

From well-definedness of a, given by expression (|3. 13j) . on Z« and continuity of A (see item 
Q] of Statement 12. 1|) it follows that (|3.2U|) is valid for A G L,. In particular, expression (|3.20p 
implies that 

VA G l v A(A) ^ 0. (3.21) 



8 



However, from definition (|3.16|) we have that for r'e l<f G l v A(r'e iip ) = which contradicts (|3,2ip . 
Thus we have shown that subcase (ii), when A = on T, cannot hold. 

We have demonstrated that v(0) = and, consequently, a(A, 0) = on A G C\(£ U 0). 

Equation ()2. 18j) together with the established fact that a = on C\£ implies that A is 
holomorphic on C\(£ U T U 0), where T = {A G C: |A| = 1}. From properties [TJ [2]of Statement 
12,11 it follows that A is holomorphic on C\ (f U T). 

Suppose now that £ ^ 0. Since £ is a closed set, then there exists A* G £ such that 
|A*| = min|A|. Note that property [2] of Statement 12.11 implies that |A*| > 0. 

If |A*| ^ 1, then A(A) is holomorphic on D + = {A G C: |A| < 1} and properties [2J 
of Statement 12.11 imply that A = 1 on D + . If |A*| < 1, then A(A) is holomorphic on the 
set D\ = {A G C: |A| < A*} and properties El El imply that A = 1 on D\. On the other 
hand, A(A*) = 0, which contradicts property [1] from Statement 12.11 Thus we have proved that 
A(A) = 1 on D + . Property [5] of Statement [271] implies that A(A) = 1 on £>_ = {A G C: |A| > 1}. 
Finally, from [1] of Statement 12.11 it follows that A = 1 on C. 

The function ji is holomorphic on C as follows from (|2.22p . (|2.23j) and the established facts 
that £ = 0, b = 0. The function fi is also bounded due to the property (|2.23p . From Liouville's 
theorem it follows that fj, = 1. Then, finally, from (|2.24p . (|2.25p we obtain that v = 0. 



4 Proofs of Lemmas S31 S3 



Proof of Lemma VS. "A Formulas (|3.5p , (|3.6|) were derived in |KN2j for the case of negative energy. 
Here we present their full derivation for both cases of positive and negative energies. 
We note that ip{z — rj, A) satisfies (|2.1|) with v ri (z) and has the asymptotics 

- v , A) = e 4 ^W*-fl)+(«-n)A)( 1 + o(1 )) ) 

as \z\ — > oo. Thus for Faddeev eigenfunction ip^z, A) corresponding to potential v v (z) we obtain 

the following representation: ip^z, A) = e~2~^ +r, /^i/)(z — r], A). Consequently, for function 
fi v (z, A) corresponding to function tp v (z, A) and defined via (|2.6p we have n v (z, A) = fi(z — 77, A). 
For the scattering data we have 

a v (\) = jj v v (C)fi v (C, X)dRe(dIm( = J J ' v(( - r/)/j(C - rj, \)dRe(dIm( = a(A) 

c c 

and 

b v (\) = JJ expj^ (l + ( sgI1 E)^ ((sgn J B)AC + AC)|^(C)^(C,A)dReCdImC = 

1 + (sgnE)^j ((sgn^)AC + AC) | v(( - r,)»(( - rj, X)dRe(dlm( = 

= exp j^?(l + (sgnE)i) ((sgn£)Ar/ + At?) | 6(A). (4.1) 

Similarly, to derive formulas (|3.7p . (|3.8p . we note that ^(2 — 77, A) satisfies (|2.ip with ^(z) 
and has the asymptotics 

^ - T), A) = e ^(A(^) + (-,)/A) ^ ^ A( ^ _ fj) _^ z _ fl) \ + o{1) \ f 
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as \z\ — > oo. Thus for eigenfunction ip v (z,\) of equation (|2.ip with potential v^z) satisfy- 
ing asymptotics (|2.7p we obtain the following representation: ip^z^X) = e^~^ +v ^ x \ip(z — 
rj, A) + (At/ — jTj) tp(z — 7], A)). Consequently, for function u n (z, A) corresponding to function 

(Prj(z, A) and defined via (|2.7p we have v v {z, A) = v(z — 77, A) + (Af/ — jrj) fj,(z — 77, A). 
For the scattering data we have 



a„(A) = ^ ^(CK(CA)dReCtilmC 



«(C " ??MC - »7, A)dReCdImC + ^ (A77 - ^ //^(C - »7)MC " »7> A)dReC<flmC = 

c 

= a (\) + ^(xfj-\r ] ) a(A) 



2 V A 
and 

/3„(A) = |y exp J ^ + (sgn^)i) ((sgn£)AC + AC) 1 i/„(CK(C, A)dReCdImC = 

= J J exp J ^ (l + (sgn£)^) ((sgn£;)AC + AC) 1 u(C - */MC - »7, A)dReCdImC+ 

+^ (At? - ^ exp J ^ f 1 + (sgnE)i") ((sgn£)AC + AC) 1 v(C-vMC~V, \)dRe(dlm( 

= exp I ^ + (sgn^i) ((sgni^Ar, + A77) | ^S(A) + ^ (at? - ±^ 6(A) J ■ (4.2) 

□ 

In order to prove Lemma 13.31 we introduce the following operator 

T = d t -8d 3 z - 2wd z - 8dl - 2wd 2 , (4.3) 
where w is defined via (jl.lbp . (jl.8p for some potential v. Note that T = dt + A, where A is the 



operator of (|1.5|) . 

We will need the following auxiliary lemma describing how T acts on the spectral solutions 
of the two-dimensional Schrodinger equation. 

Lemma 4.1. Let (v,w) satisfy conditions / fi.6j) -< TO]) and 

(i + \x\f 

Suppose that for a certain A £ C, |A| 7^ 1, and t belonging to a certain interval t € (£1,^2) 
the solution ip(z, A, t) of \1.3\) with asymptotics \2. 6\) exists and is unique. Similarly, suppose 
that the solution ip(z,A,t) of \1.3\) with asymptotics (2.1) exists and is unique. Then 



\d t v(x,t)\ ^ ^ ; i_|v 3+£ ) for some q(t) > 0. 



Tip = i(VE) 3 e^ x * +z M ( (\ 3 + ^ j + o(l)\ , as \z\ -> 00, (4.4) 
Tip = l {^Efe^ +z ^ (^f (A 3 + 1) (Az - V) + 3 (V - 1) + o(l)) , as \z\ 00. 



(4.5) 
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Proof. First of all, due to Lemma [3.1 \ in order to demonstrate (|4.4p . (j4.5|) it is sufficient to show 
that 

dtn — > 0, di/ji-i-Q, j = 1,2,3, as |z| — ► oo, (4.6) 

dtv — >■ 0, i9 z z/ — > —-7^7-, dzv — >■ dgV — > 0, 9*1/ — > 0, A; = 2, 3, as |z| — > oo, 

2A 2 

(4.7) 

where fi(z, A, i) = e~ i ^ I(Af+2/A) ^(z, A, t), A,£) = e~ i ^ I(Af+2/A V(^, A, i). We will only prove 
properties (|4.6p . Properties (|4.7p are proved similarly. 

Function is defined as the solution of the integral equation (|2.8p . where the notation (|2.10p 
is used. Differentiating (|2.8p with respect to i yields the following integral equation for dtp. 

d t p(z,X,t) = ff g(z-C,X)dtv(C,t)KCA,t)dReCdlmC+jj g(z-(, X)v((, t)d t p[(, A, t)dRe(dIm(. 

c c 

(48) 

Differentiating (|2.8p j times with respect to 2 yields the following integral equation for 9|/i: 

difi(z, X,t) = ff dig(z - C, \)v(C, t)fi(C, A, t)dRe(dIm(, j = 1, 2, 3. 

c 

We integrate this equation by parts, taking into account property (|1.7p of function v and the 
fact that dig(z — £, A) = d^g(z — (, A). Thus we obtain 

0^(z, A,i) = // ff (2 - C, A)^ MC, t)M(C, A, t))dReC(iImC, j = 1, 2, 3. (4.9) 



c 



Similarly, <9|/i satisfies the following integral equation 



difi(z, A, t) = II g(z - C, X)£^(v(C, t)n(C, A, t))dRe(dImC, j = 1, 2, 3. (4.10) 

Equation (|4.9p is an equation on the unknown function difi, where it is assumed that func- 
tions d^f-i, k < j, are already defined. Similarly equation (|4.10p is an equation on the unknown 
function d^p where it is assumed that functions d^/j,, k < j, are already defined. The assump- 
tions of lemma imply that for each of the equations (|4.8p . (|4.9p . (|4.10p its solution exists, is unique 
and can be represented as (1 + \z\) 2+£ / 2 u(z, A, t) with some corresponding u(-,X,t) G L 2 (C). 

It was shown in [Novlj that the function g defined by ()2.10p possesses the following property: 
\g(z, A)| ^ ^sp f or \/A G C, |A| / 1 and sufficiently large z, and \g(z, A)| < const In \z\ for VA G C 
and sufficiently small z. This property implies that 



ff g(z-(,X)U(()dRe(dlm(; 

c 

for any U G L 1 (C)nL 2 (C). 



as \z\ — > oo 

(4.11) 



Let us denote by £(z, X,t) the solution of any of the equations (|2.8p . (|4.8j) - ()4.10j> . As noted 
before, £(2, A,i) can be represented in the form £(z,X,t) = (1 + \z\) 2+e ^ 2 u(z, A, t) for some 
u(-, X,t) G L 2 (C). Then from assumptions on v it follows that $u(-,t)f(-,A,t) G L 1 (C)nL 2 (C), 
4v{-,t)£{-,X,t) G L^QflL^C) for j = 0,...,3 and d t v(-,t)^(-, X,t) G L X (C) n L 2 (C). Thus, 
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from (|4.1ip with U(-) = dtv(-,t)fj,(-, X,t) and U(-) = v(-,t)dt^(-, A, t) it follows that the right part 
of (|4.8p tends to zero as \z\ — > oo. Similarly, considering equations (|4.9p . (|4.10p consecutively we 
obtain that the right part of each of these equations tends to zero as \z\ —> oo. Consequently, 
dtn — > 0, din ~^ 0, d^fi — > 0, j = 1, 2, 3, as |z| — > oo. 

□ 

Proof of Lemma \3.3l Formulas (j3.9j) , ()3.10p have already been known in literature (see for exam- 
ple |G2j ). Since their derivation is similar to the derivation of formulas (|3.1ip . (j3. 12|) . we confine 
ourselves to the derivation of the latter. The derivation of analogs of formulas (|3.9p - (|3.12p for 
the case of zero energy can be found in |BLMP1] . 

Equation (jl.ip represents a condition under which the following is true 

[T,L]rj = ETtj, Vr/: Lrj = Etj, (4.12) 

where L is defined in ([2"3]) and T is defined in (g3D (see [M], [BLMPlj ). 

Let us take r] = p, where <p is the solution of Lip = Ep with the asymptotics (|2.7p . Then 
(HTT2D implies 

LTp = Ep. 

From Lemma 14.11 we have that 



Tp = l{ VEfe^^ (^f (A 3 + ^) (A," - ±z) + 3 (a 3 - ^) + o(l) 



oo. 



The uniqueness of the solution of (|2.ip with the asymptotics (|2.6p at the considered value of A 
implies that 



Tp = i(VE) 3 (a 3 + 1 ) p + 3i(v^) 3 (a 3 - 1) V- 



In other words, 



ftp = 8<9 3 ^ + 2t»a,v + 8<9f <^ + 2wd- z p + i(VE) 3 {X s + J p + S^v 7 ^) 3 f A 3 - ^ J V- (4.13) 
Now we write a(A, t) in the form 

a(A,t) = ff e-^ (Af " +c/A) w(C,t)^(C,A,t)dReCdImC 



and compute its derivative with respect to time: 

d t a(X,t) = jj e-^ { ^ +<:/x) dtv(C,t)p(C,X,t)dReCdlmC+ j j e"^ 1(AC " +?/A) t;(C, t)d t p((, A, t)dRe(dLm(. 

c c 

(4.14) 

Substituting (jl.ip and (|4.13[) into (|4.14p , integrating the resulting expression by parts and taking 
into account that —Ad^d^p + vp = Ep, we obtain 

d t a{\, t) = 3i(VEf (x 3 - j^j (a(A, t) - v(0)) (4.15) 

(see Appendix for the detailed derivation of this formula). Formulas (|3.9p . ()4.15|) yield ()3.11|) . 
Similarly, we write /3(A, t) in the form 

/3(\,t) = ff e ^ (AC+c " /A) ^(C,t)^(C,A,i)dReCdImC 
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and compute its derivative with respect to time: 

dtP(\,t) = J J e" Z ^ 1(X^+c " /A) 9 ^ ^;(C,^)^(C,A,^)dReCdImC+yy , e^^^ + ^^v((, t)d t <p((, A, t)dReCdlm(. 

c c 

(4.16) 

Substituting (|1.1[) and (|4.13p into (|4.16p . integrating the resulting expression by parts and taking 
into account that —4d^d^(p + vip = E<p, we obtain 

d t /3(X,t) = i(VE) 3 (A 3 + ^ + (sgn£) (a 3 + ^ (3(X, t)+3i(VE) 3 (V - b(X,t) (4.17) 

(see Appendix for the detailed derivation of this formula). Using formula (|3.10|) . we obtain 

(ixm □ 
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A Appendix 

Here we present the detailed derivation of formulas (|4.15p . (|4.17j) proceeding from representations 
flUBD , dUBD , respectively. 



Derivation of jjllfy . Substituting (fTT]) and (jiJ3|) into (f^TTI]) yields 



d t a(X,t) = lim (8 // e -42 ^ (Af+ & t^cflleCdlmC + 8 II e'^^^ dfv if dRe( dlm(+ 



R—>oo 1 



Br Bf 



+ 2 JJ e' 1 ^^^ d c vwipdRe(dlm( + 2 J J e -^( A M) v d c w <p dRe( dlm(+ 

Br Br 

+ 2 JJ e-^^+A) d^vwipdRe(dIm( + 2 J J e -^( A C+ $) v d^w if dRe( dlm(- 

B R Br 

-2E J J e - ^ (Af+ & d ( w(pdRe(dlm(-2E J J e - ^ Af+ & d^w <p dRe( dlm(+ 

Br Br 

+ 8 If e-^^^vd^dReCdImC + 8 II e _ ^^ + ^ v dfip dRe( dlm(+ 



+ 2 If e-^^^vwd^ipdReCdImC + 2 II e _ ^ Af+ & v w df<p dRe( dlm(+ 



Br Bf 



+ i(VEf (a 3 + ^) JJe- b ^M + ^v<pdRe(dLm(+ 

Br 

3i(VEf ^A 3 -^j JJ e-^^ + ilvijdRe(dlm(\ = lim ^1*. (A.l) 



R 



Integrating Ig by parts yields 



lim / 9 = _!^1! [[ e-^ + ^v<pdReCdIm(+^r [ [ e~^ x ^ d c v cp dRe( dLm(+ 



R-Xoo A3 77 , A2 

c c 



+ 



J J e -^^ + ^ d 2 vipdRe(dIm(-8 J J e'^^+x) dfv ipdRe(dIm(. 



In this way it can be obtained that 



lim (h +I 2 + I 9 + I 10 + h 3 ) 

R—>oo 



<M f[ e -^(K + i) d(VipdReCdlmC + }^l l[e^ E( - x ^d 2 c vvdReCdIm(+ 



-^2" J J a z uq v if anec, aimt, 1 — J J C 

c 



+ 6EX 2 JJ e -^ (AC+ A)^^(iReCdImC + 12iv A EA yy e -^ (A?+ A) d|« ^ciReC cflmC- (A.2) 



15 



Integrating In by parts we obtain 

lim (In +I7) = -2 / / e-^^+A) d c v w ip dRe( dImC+ 



lim \ % -^- II e~ !y 5 i ^ + &vw<pdRe(dLm(-2E If e -^ (A M) d ( w ipdRe( dlm( ] 



fl-S>oo \ A J J J J * I 

Br Br 7 

-2 II e~^^ + ^vd c w(pdReCdImC. 



Consider 



B 



R 



Taking into account that —Ad^d^ip + v ip = Eip we obtain that 

Br Br 

Applying the Stokes theorem to It 2) we get that 
J (2) = -^ J e -^mi) wd - c<p dC-^ JJd c (e-^ x ^w)d- ( <pdRe(dImC (A.3) 

Cr Br 

where Cr is the boundary of Br. 
Note that 



d^Cz, A) = ^-Ae— ^ z+ a J j^Az - -zj + 1 + o(l) I , as z -> 00. (A.4) 

In addition, note that 

Thus from Lemma f3.ll (|A.4|) . (|A.5j) it follows that as — >• 00 the first summand in the right-hand 
side of (|A.3p vanishes. We apply the Stokes theorem to the second summand: 



A 



JJ d c (e-'&M+i'* w) d^dRe(d!mC = ^ Je-^+^wpd(- 

Br Cr 

2\f~E f j^E (\r 1 <i o , A , 4iV~E f f n n ( iVM (\t 1 c> 

Cfl Br 



J e-^W+i)^^C + ^ ffdcdf^e-^rt+bw) ipdReCdlmC (A.6) 



From Lemma 13. II and asymptotics of </j(z, A) as 2; — )• 00 it follows that the second summand in 
the right-hand side of (|A.6p vanishes as R — > 00. For the first summand we obtain 

_y e ~g- ( A C+x)«; ¥ ,dC~ ^ y 4 = 3 V A3 ; 6(0) as #^00. 
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Finally, for In + If we obtain that 



Jim (In+J 7 ) = -2 jj e ~^M + & d^v w p dRe( dlm(-^- J J e _ ^ (Af+ & d c updReCdImC- 

c c 

jj e ' ! ^ {XC+ " )d C vl P dR < dlm <- 2 jj e-^ x ^vd c w^dReCdlmC+ 

c c 

^3 



+ 3 jv_i_fl(0). 
Thus it can be obtained that 
lim (J 3 + I 4 + I 5 + Ie + I 7 + h + hi + In) = 

= JJ e -^M + toacv<pdto*dSmC-}?^ JJ e-^+b dlvtpdReCdlmC- 

c c 

-6EX 2 jj e-^^+^d^vcpdReCdLmC- 12n/lA / / e'^^) </?dReCdImC- 



c 



( A " - ^ ) 



Finally, 

J 14 = M(VEf (V - ^ ) o(A, t) (A.8) 
and thus from (|A.1|) - (|A.8[) we obtain formula (|4.15p . 

Derivation of (f^.lTp . Similarly, the formula (|4.17j) can be derived. Substituting (jl.ip and ()4,13p 
into (jlTTBD yields 

d t /3(X,t) = Vim jj e^iF^+x) d%v cp dRe( dLm( + 8 JJ e^^+f) d^v tp dRe( dlm(+ 
^ b r b r 



+ 2 yy e ~ (AC+ i)a f vw;v9(iReC(iImC + 2 yy e ~ (A<:+ A) « a c to dReC cflmC+ 

Br Br 

+ 2 JJ e^ (AC+ A) a^u u) y> dReC dlmC + 2 ^ e^^+^u^tD^dReCdlmC- 



2^^ e ^ (Af+ A)d f «;^dReCdImC-2£ ^ c ^ (ac+ a) fl^D 99 dReC dImC+ 

Br Br 

+ &JJ e^^^vd^dReCdlmC + S J J e^ [xc+ ^ v dfy dRe( dImC+ 



+ 2 y^ e^ E{x<:+ i ) vwd (: fdReCdImC + 2 JJ e^^^ v w d^<p dRe( dlm(+ 

Br Br 

+ i(\fE) 3 (a 3 + ^J J J e^ E(X(+ > ) vvdRe(dIm(+ 



Br 
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+ 3i(VEy ( x 6 - ^ 



1 



li 



i/'dReCdlmC = lim Vj;. (A.9) 
' _R->oo z — ' 



i=l 



Integrating Jg by parts yields 



tt 4 = -w// e - 



^' Vlft 



dRe(dIm(+6\ 2 E // e ^ {K+ a } c v y? dRe( dlm(- 



12\V^E // e^ (AC+ x)^u<^dReCdImC- 8 // e^^^ dfv ipdRe(d!m(. 



In this way it can be obtained that 



limJJi + J2 + J9 + J10 + J13) = *(^) 3 (a 3 + ^3 + (sgn£) ^A 3 + jzj) P{\ *)+ 
+ 6EX 2 JJ e^&t+b d c v<pdRe(dIm(-12V^EX JJ e^ (AC+ ^ d 2 v <pdRe( dImC+ 



jj? [f e^ Cx(+ i ] d£VtpdRe(dIm(-^C-^ j! e^^+x) ^ytpdR^dSmC- (A.10) 



Integrating Jn by parts we obtain 



lim (J u + J 7 ) = -2 // e ^ (Af+ A)5 c i;u;^dReCdImC+ 



+ Jhn I -yJ-EX ^ e^? (AC+ A)-t;t(;^dReCdImC- 



// e^^+^SfW^dReCtflmCJ - 2 // e^ 1 ^^ vd c w(pdReCdlmC 



- 2E jj 

Br 

Consider 

J=S=EXjj.. 

Br 

Taking into account that —Ad^d^ip + v ip = Eip we obtain that 



a ) v id dReC, dlm(. 



J=(y/-EfX j / e"^ (AC+ A) w^dRe(dImC- 



Br 



A^EX J j e^^+^wd^ipdReCdlmC = J (1) + J (2) . 



Applying the Stokes theorem to Jr 2 ) we S e t that 



J {2) = -2W-EX I e^ E{x<+ i ) wd^cpd(+ 



Cr 



+ 4V^EX j j d ( fe^ (AC+ A) a^dReCdlmC = J( 2 i) + J { 



'(21) "I" <J(22), 
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where Cr is the boundary of Br. 

From asymptotics (|A.4|) and Lemma l3.1l it follows that J(2l) is an integral of the stationary 
phase type and thus it vanishes as R — > oo. 

Now let us apply the Stokes theorem to J (22) '■ 



J {22) = -2iV^EX I e"^ (AC+ A) d c w<pd(+ 



Cr 



Cr 



b r 



Treating the first two summands in the right-hand side of (jA.lip in the similar way as we 
treated J (21) > we obtain that 

J(2) ~ J(22) 4 V /Z £A 1 1 d Q d- c fe^^+x) w ) tpdRe(dlm(, as R -> 00. 



Br 



J C U C 



Finally, for Jn + J7 we obtain that 

lim (J u + J 7 ) = -2 / / e^^+i^ d c vw u>dRe(dlm(- 

fl-s-oo II 



I e^^^ d c VLpdRe(dlm( + Yl^f^EX J J e^? (AC+ A) v if dRe( cflmC- 



2 // e^^+^^^u-^dReCdlmC. 



Thus it can be obtained that 



lim (J 3 + J 4 + J5 + J(> + J7 + Jg + J11 + J12) 
R-^-oo 



-6EX 2 



] d c v dRe( dlm( + 12y/^EX // e — ( A ^+l) djv ip dReC dlm( 



C 



^ // e"^ 1(AC+ A)a ( -w^dReCdImC + // c^? {ac+ a) ^u^dReCdlmC- (A.12) 



c 



Finally, 



J 14 = 3i(v A E) 3 ( A3 -^s) KA,t) 
and thus from (|A.9j) - (jA.13j) we obtain formula ()4.17p . 



(A.13) 
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